
Quantum Information Theory, Spring 2019

Exercise Set 13 in-class practice problems

1. Symmetric subspace:

(a) Write out Π2 and Π3.
(b) In class we wrote down a basis for Sym2(C2). Write down bases of Sym2(Cd) and Sym3(C2).
(c) Verify that RπRτ = Rπτ and R†π = Rπ−1 for all π, τ ∈ Sn.
(d) Verify that Πn = 1

n!

∑
π∈Sn

Rπ is the orthogonal projection onto the symmetric subspace.

2. Integral formula: In this exercise you can prove the integral formula:

Πn =

(
n+ d− 1

n

)∫
|ψ〉⊗n〈ψ|⊗ndψ =: Π̃n

(a) Show that Π̃n = ΠnΠ̃n.
(b) In class we mentioned the following important fact: If A ∈ L(X⊗n) is an operator such

that [A,U⊗n] = 0 for all unitaries U ∈ U(X ), then A is a linear combination of permutation
operators Rπ, π ∈ Sn. Use this fact to show that Π̃n =

∑
π cπRπ for suitable cπ ∈ C.

(c) Use parts (a) and (b) to prove the integral formula. That is, show that Π̃n = Πn.

3. Haar measure: There is a unique probability measure dU on the unitary operators U(X ) that
is invariant under U 7→ V UW for every pair of unitaries V,W . It is called the Haar measure.
Its defining property can be stated as follows: For every continuous function f on U(X ) and for
all unitaries V,W ∈ U(X ), it holds that

∫
f(U) dU =

∫
f(V UW ) dU . Now let A ∈ L(X ).

(a) Argue that
∫
UAU †dU commutes with all unitaries.

(b) Deduce that
∫
UAU †dU = Tr[A]

d I, where d = dimX .

4. � De Finetti theorem and quantum physics (optional): Given a Hermitian operator h
on Cd ⊗ Cd, consider the operator H = 1

n−1
∑

i 6=j hi,j on (Cd)⊗n, where hi,j acts by h on
subsystems i and j and by the identity on the remaining subsystems (e.g., h1,2 = h⊗ I⊗(n−2)).

(a) Show that E0
n ≤

1
n〈ψ

⊗n|H|ψ⊗n〉 = 〈ψ⊗2|h|ψ⊗2〉 for every pure state ψ on Cd.

Let E0 denote the smallest eigenvalue of H and |E0〉 a corresponding eigenvector. If the
eigenspace is one-dimensional and n > d then |E0〉 ∈ Symn(Cd) (you do not need to show this).

(b) Use the de Finetti theorem to show that E0
n ≈ min‖ψ‖=1〈ψ⊗2|h|ψ⊗2〉 for large n.

Interpretation: The Hamiltonian H describes a mean-field system. Your result shows that in the
thermodynamic limit the ground state energy density can be computed using states of form ψ⊗n.
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